All modes of transport impact on the environment. Although railways are seen as environmentally advantageous in many ways, the issues of noise and vibration are often seen as their weakness. For trains running in tunnels where direct airborne noise is effectively screened, structure-borne or 'ground-borne' noise caused by vibration propagated through the ground is the most important concern. The vibration of interest in this case has frequency components from about 15 Hz to 200 Hz. To understand the mechanisms of vibration propagation from tunnels, a predictive model has been developed for ground vibration generated by a stationary or moving harmonic load applied in a circular lined or unlined tunnel in a layered ground. This study is the first step towards the use of discrete wavenumber methods to model ground vibration from underground trains. Discrete wavenumber methods fall into three categories: the discrete wavenumber fictitious force method, the discrete wavenumber finite element method and the discrete wavenumber boundary element method. This study uses the discrete wavenumber fictitious force method. Based on the moving Green's functions for a layered half-space and those for a cylinder of infinite length, boundary integral equations over the tunnel-soil interface are established. Unlike the conventional boundary integral equation in elastodynamics, the method used here only requires the displacement Green's function. This is achieved by introducing the excavated part of the ground as an extra substructure. The boundary integral equations are further transformed into a set of algebraic equations by expressing each quantity involved in the boundary integral equations in terms of a Fourier series. Results presented in this paper illustrate the effect of a tunnel on vibration propagation at the ground surface and the difference between a lined tunnel and an unlined tunnel.
Figure 1
The ground/tunnel structure and the coordinate systems.
terms of the values at nodes, and the boundary integral equation is then converted into a set of algebraic equations from which the values at the nodes can be determined. However, in this paper, instead of using the interpolation method the boundary integral equations are transformed into a set of algebraic equations by expressing every quantity involved in the boundary integral equations in terms of a Fourier series. Each item of the Fourier series represents a harmonic component of that quantity and can be worked out from these algebraic equations. The ground/tunnel system actually consists of two sub-structures: a ground with an infinitely long cylindrical hole and a tunnel lining (referred to here as tube). However, the responses of the ground/tunnel system to the moving loads may be determined by considering three sub-structures, i.e. the tube, a free ground (a ground without any inclusion) and the excavated cylinder. The detailed derivation is presented in Section2. Results are given in Section 3 to demonstrate the effect of the presence of a tunnel on the vibration propagation on the ground surface. Finally in Section 4, some concluding remarks are summarised.
DERIVATION OF GOVERNING EQUATIONS
The inner and outer radii of the tube are denoted by R 1 and R 2 . The material properties of the tube are described by Young's modulus E t , Poisson ratio v t , density r t and loss factor h t .
The ground is modelled as a vertically layered ground, consisting of a number, n, of layers. The nth layer overlies a homogeneous half-space or a rigid foundation, which is identified as the n+1th layer. The jth layer's material constants are: elastic modulus, E j , Poisson ratio, n j , density, r j , loss factor, h j , and thickness h j . If the n+1th layer is a homogeneous half-space, its material constants are E n+1 , n n+1 , r n+1 , h n+1 . It is assumed that the tunnel is constructed within a single layer.
Three harmonic loads, P x 0 e i V t , P r 0 e i V t and P u 0 e i V t , are applied at point (R 1 , u 0 ) on the inner surface of the tube. They are directed in the longitudinal (x-), radial and circumferential directions, respectively, as the notations indicate (Figure 1 ). The loads move over the inner surface of the tube in the x-direction at a constant speed c. The interface of the soil and the tube is denoted by G . The displacements of the tube-soil interface due to the moving loads are denoted by w x (x,u ,t), w r (x,u ,t) and w u (x,u ,t) in accordance with the cylindrical coordinate system. The stresses on the tube-soil interface due to the moving loads are denoted by F X (x,u ,t) (i.e. t x r ), F r (x,u ,t) (i.e. s rr ) and F u (x,u ,t) (i.e. t u r ). The Fourier transforms with respect to x of the displacements and the interaction stresses on the tube-soil interface are denoted [Sheng, Jones and Petyt 1999] and [Sheng, Jones and Thompson 2002] ), where, b is the wavenumber in the x-direction.
The ground with the infinitely long cylindrical hole of radius R 2 is subject to the action of the tube-soil interaction stresses F X (x,u ,t), F r (x,u ,t) and F u (x,u ,t) on the wall of that cylindrical hole. For the ground without the hole (which is called the free ground), a fictitious interface G ' is defined and is located inside the tube-soil interface G (see Figure 1) . On the fictitious interface G ', fictitious moving forces (stresses), T X (x,u ,t), T r (x,u ,t) and T u (x,u ,t), are applied. The Fourier transforms of the fictitious forces are denoted by T x (b ,u ), T r (b ,u ), and T u (b ,u ) . If the fictitious forces are chosen such that the stresses of the free ground at the location of the tubesoil interface are the same as the actual tube-soil interaction stresses, i.e. F X (x,u ,t), F r (x,u ,t), F u (x,u ,t), then the state (the displacement and stress fields) of the free ground outside G ' due to the fictitious forces is identical to that of the actual situation. In other words, responses on the ground surface due to the loads at the tube can be determined by calculating the responses on the surface of the free ground due to the fictitious forces. The calculation method for the latter has been previously established [Sheng, Jones and Petyt 1999] .
Let the fictitious interface G ' approach the tube-soil interface G . Then the fictitious forces on G ' can be regarded as stresses externally applied on the outer surface of the excavated cylinder. Thus the total stresses on the outer surface of the 
The fictitious forces as well as the tube-soil interaction stresses can now be determined by (1) requiring the displacements on the outer surface of the tube to be the same as on the outer surface of the excavated cylinder and in turn, (2) requiring the displacements on the outer surface of the excavated cylinder to be equal to those of the free ground at the fictitious interface. These two requirements set up two boundary integral equations the integral trajectory of which is along the tube-soil interface (a circle), with unknowns being the fictitious forces and the tube-soil interaction stresses.
Displacements of the Tube
The Fourier transforms of the displacements at coordinate u of the tube are given by an integral over the variable J. 
Displacements of the Free Ground
The free ground is subject to the action of the fictitious forces. The Fourier transforms of the displacements of the free ground on the interface G due to the fictitious forces are given by (8) where, (9) in which, [Q(b ,g ,u ,J) ] is the Fourier transformed moving dynamic flexibility matrix (or Green's functions) of the free ground, with the horizontal plane of observation at z = R 2 sin u and the loading position determined by y = R 2 cos J and z = R 2 sin J. [Q(b ,g ,u ,J) ] is derived in [Sheng, Jones and Petyt 1999] in the Cartesian coordinate system and is a function of the wavenumbers b in the longitudinal direction and g in the lateral direction. The integral with respect to g in equation (9) provides the Green's function transformed with respect to x only. Since the displacements and fictitious forces on the interface G are decomposed in accordance with the cylindrical coordinate system, a transformation between the Cartesian coordinate system and the cylindrical coordinate system must be introduced as indicated in equation (9). It can be shown that the integration in equation (9) over the whole g -axis can be done over the positive half g -axis, and there is a reciprocity relationship between the source and the observer. These two observations have been used to increase the calculation efficiency.
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Since [Q G (b ,u ,J) ] is a periodic function of both u and J of period 2p , it may be written that (10) Inserting equations (7) and (10) 
Determination of the Fictitious Forces and the Tube-Soil Interaction Stresses
Combining equations (4) and (6) yields (12) In turn equation (6) and (11) gives (13) In equation (13), the infinite series appearing in equation (11) has been approximated by the finite sum of 2N items. The choice of N depends on the frequency of excitation and the radius of the tunnel. The higher the frequency or the larger the radius of the tunnel, the greater should be the number N.
From equations (12) and (13) 
Inserting equation (14) into equation (13), for m = -(N-1),…, N, yields
The fictitious forces and the tube-soil interaction stresses can be obtained from equations (14) and (15). Since the flexibility matrices of the substructures are of order 3x3, equation (14) is of order 6Nx6N. Similar equations can be derived for a ground with an unlined tunnel.
RESULTS
In this section, some results are presented for a ground with a lined tunnel with a radius of 3.5 m and for the same ground with an unlined tunnel of the same radius. The material properties of the ground are listed in Table 1 and those for the line tunnel (tube) in Table II . These parameters are adopted from [Jones, Thompson and Petyt 1999] . The axis of the tunnel is at 16.5 m below the ground surface. A unit vertical harmonic load is applied at the invert of the tunnel, both the dynamic properties of the tunnel (tube) and that of the ground (with a hole) affect the whole system. To help in understanding the results, dispersion curves of the ground/tunnel have been also calculated.
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Dispersion Curves of the Lined Tunnel (Tube)
Since its thickness (0.2 m) is small compared to its average radius (3.5 m), the tube may be regarded as a thin shell and the dispersion curves may be evaluated using one of the thin shell theories. Figure 2 presents the dispersion curves of the tube, of circumferential orders 0 to 8, calculated using the Donnel-Mushta thin shell theory [Leissa 1973 ]. Two types of propagating waves are clearly shown in Figure 2 for Figure 2 Dispersion curves of the tube of circumferential orders 0 to 8, calculated using the Donnel-Mushta thin shell theory.
circumferential order zero (i.e., the axially symmetric modes). For frequencies lower than 160 Hz, the two dispersion curves are straight lines. The upper straight line represents the torsional waves (a circumferential mode) while the lower straight line (an axial mode) represents the longitudinal waves. These two types of wave have small contributions to radial motions. For circumferential order m = 1 (Figure 2 ), the waves of the first mode for low frequencies in the tube are close to the bending (flexural) waves of the tube when it is regarded as a beam. It should be noticed that, as shown by [Gazis 1959 ], the bending mode degenerates to a simple translation and hence zero frequency as the wavenumber decreases to zero whatever the thickness of the shell. However, Figure  2 indicates a small cut-on frequency resulting from the approximation of the 'thin shell theory'.
The cut-on (natural) frequencies correspond to zero wavenumber. It can be seen from Figure 2 that for circumferential order m = 0 to 8, the minimum cut-on frequencies of the radial (ring) modes range from 0 to 200 Hz, which is within the frequency range of interest for ground vibration induced by tunnel trains. Figure 2 shows that below 200 Hz, the propagating wavenumbers (b ) are less than 2 rad/m. In other words, the wavelengths in the axial direction are greater than about 3.14 m.
Dispersion Curves of the Ground with a Hole
It is difficult to calculate the dispersion curves of a half-space with an unlined tunnel (a hole). Instead, the dispersion curves of a whole-space of the same material with the same hole are computed using the cylinder theory presented in [Sheng, Jones and Thompson 2002] . seen that, the waves propagate along the hole in the whole-space at phase speeds which are between the Rayleigh wave speed and the shear wave speed. These waves are called tube waves (Aki and Richards 1980] which propagate along the axis of the hole with energy confined to the vicinity of the hole. They exhibit dispersion, with phase velocity increasing with wavelength. At wavelength much shorter than the radius of the hole, they approach the Rayleigh wave of the material. The phase speed reaches the shear wave speed at a wavelength of about three times the radius (in the present case, this is about 10 m, or alternatively, the wavenumber is about 0.6 rad/m). Beyond this cut-off wavelength, they attenuate quickly by radiating S-waves. Figures 2 and 3 indicate that, along the axis of the tube, waves in the tube propagate faster than those in the ground.
Responses to a Vertical Stationary Harmonic Load of 200 Hz
This sub-section presents examples of the responses to a unit vertical stationary harmonic load of 200 Hz. This frequency is at the approximate upper limit of interest for ground-borne noise and at this frequency many modes of the tunnel will be excited. The load is applied at the invert of the tunnel. Figure 4 shows the amplitudes of the vertical displacements on the ground surface for the lined tunnel. Those for the unlined tunnel are shown in Figure 5 . It can be seen that, due to the presence of the tunnel, the propagation property in the tunnel direction and in the lateral direction (normal to the tunnel) is quite different. This is more obvious for the unlined tunnel. For waves to be clearly seen, Figures 6 and 7 show instantaneous vertical displacements on the ground surface immediately above the x-and y-axes (see Figure 1) .
For the ground with the unlined tunnel, the wavelength at large distance in the lateral direction is about 3 m (Figure 7 ). This wave corresponds to the shear wave of the ground (the shear wave speed is 610 m/s, as indicated in Table 1 ). The wavelength in the x-direction has a longer wavelength 7.5 m (Figure 6 ), which corresponds to the P-wave in the ground. The tube wave propagating along the surface of the tunnel is confined to the vicinity of the hole and has insignificant contribution to the responses on the ground surface.
For the lined tunnel (tube), most modes have wavenumbers ranging from 1.4 rad/m to 1.8 rad/m (Figure 2) , i.e., the wavelengths of the propagating waves in the Ground Vibration Generated by a Harmonic Load Moving in a Circular Tunnel in a Layered Ground
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Figure 4 Vertical displacement amplitudes (in metres) on the ground surface due to a unit vertical harmonic stationary load of 200 Hz acting at the invert of the lined tunnel.
tube ranges from 3.5 m to 4.5 m, shorter than the diameter (7 m) of the tube. This is the reason for the more nearly circular wave field on the ground surface for the lined tunnel than for the unlined tunnel (Figures 4 and 5) . It is also observed in Figures 6 and 7 that, due to many modes of the tube being excited, waves are more complicated for the lined tunnel than for the unlined tunnel. Figures 8 and 9 compare the vertical displacement amplitudes on the ground surface immediately above the x-and y-axes, for the two tunnels. It can be seen that beyond 20 m from the load, the responses along the x-axis for the lined tunnel are less than those for the unlined tunnel. The reverse is true for the responses along the y-axis. The reason is that, the lined tunnel may reduce the response in the tunnel direction by its bending stiffness while at the same time it may increase the response in the lateral direction due to its radial modes.
Responses to a Vertical Harmonic Load of 40 Hz
It is typical the case that vibration components below 40 Hz are insignificant in their contribution to ground borne noise. An example of the response at 40 Hz is
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Figure 8 Vertical displacement amplitude along the x-axis on the ground surface due to a unit vertical harmonic stationary load of 200 Hz. ---, for the ground with the lined tunnel; ---, for the ground with the unlined tunnel. therefore presented here to demonstrate vibration behaviour at this frequency. The amplitudes of the vertical displacement of the ground surface due to a unit vertical harmonic load of 40 Hz, which is exerted at the tunnel invert, stationary or moving in the tunnel direction at 100 m/s, are presented in Figures 10 and 11 . Here the load speed is chosen to be much higher than actual underground train speeds, to make the effect of the load speed more visible. These results reveal that the difference in the behaviour of the two tunnels is much greater in the direction along the tunnel axis than in the direction normal to it. Immediately above the load, at this frequency (40 Hz) and load speed (100 m/s), the response levels from the lined and unlined tunnels are similar. However, Figure   X 10 shows a much stronger decay of vibration on the ground surface along the tunnel alignment for the lined tunnel than for the unlined one. This is due to the bending stiffness of the tube. At this low frequency, the bending-like modes of the tube are dominant. Turning to the behaviour in the lateral direction at this frequency and load speed, Figure 11 shows a similar overall decay of vibration on the ground surface for both of the tunnels. Because of the speed of the load, a greater vibration level is observed behind the load than in front. Immediately above the load and in the lateral direction, the effect of the load speed is more significant for the unlined tunnel than the lined tunnel. While in the tunnel direction, the propagation behaviour of both the lined and unlined tunnels are greatly affected by the load movement.
CONCLUSIONS
In this paper, the discrete wavenumber fictitious force method has been applied to develop a mathematical model for predicting ground vibration generated by a stationary or moving harmonic load applied in a circular lined or unlined tunnel. In this model, moving Green's functions for a layered half-space and those for a circular layered cylinder of infinite length are employed to establish boundary integral equations governing unknown fictitious forces (stresses) and tunnel-soil interaction stresses. The boundary integral equations only require the displacement Green's functions rather than both displacement and traction Green's functions that are required by the conventional boundary element technique. This advantage is achieved by the introduction of the excavated cylinder into consideration. By expressing the Green's functions and other terms in terms of a Fourier series, the boundary integral equations are transformed into a set of algebraic equations from which the unknowns can be determined.
Results are produced from this model for a lined tunnel and an unlined tunnel of the same radius, for a high frequency 200 Hz and a low frequency 40 Hz. The wave propagation on the ground surface is greatly affected by the presence of the tunnel, especially in the tunnel direction. The waveguide effect of the unlined tunnel on the ground surface is much stronger than that of the lined tunnel. The lined tunnel may reduce responses of the ground surface immediately above the tunnel. This
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Figure 11
Vertical displacement amplitudes along the y-axis on the ground surface due to a unit vertical harmonic load of 40 Hz at the tunnel invert. ---, load moving along the lined tunnel at 100 m/s; ---, load moving along the unlined tunnel at 100 m/s; -.-, stationary load at the lined tunnel; -..-, stationary load at the unlined tunnel.
reduction is greater for low frequencies due to the dominant bending mode of the tunnel lining. However, away from the tunnel on the ground surface, the lined tunnel may increase the responses at high frequencies due to its radiation of energy into the surrounding ground.
Generally the results indicate that modelling the tunnel lining is important, especially for the behaviour of the field in the tunnel direction. This finding demonstrates the importance of considering three-dimensional effects in modelling ground vibration from tunnels.
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